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PDE 05.1.1 


05.1 ORDINARY DERIVATIVES 


0S.1.1 Differentiation 


Solution to Exercise 1 


(i) sin’ = cos (see Unit M/00 12) and so 


а. 
aon x)= cos x A 


(1) The composite function rule is 
(S og) = (fog) хв 


(see Unit M100 12). Here f = exp and g is x (х — a), or just (x — a) for 
short. Omitting the small circles as well, for brevity, we get 


(exp (x — a) = exp’ (x — a) x (x — ay 
= exp(x — a) x 1, 


since exp’ = exp (see Unit M100 12), 


= exp (x — a). 
We could alternatively have written the composite function rule in Leibniz 
notation, 
dz _ dz dy 
dx dy dx 
(often called the chain rule for functions of one variable), where z(y) = exp y 


and у(х) = x — a. Then 


as х 1 
gx 22 


= ехр(х — а). 


In either case we get 


1 
эрх - a) - exp(x — a) А 


(iii) We can use either of the methods in part (ii) above. Using the Leibniz chain rule 
with z(y) = Jy and у(х) = sin x, 


dz A 
ac» 5 x cos x, 


2 [sin | COS 
dx "D 2 /sin х i 


(iv) The definitions we need are 


so that 


cosh x = (е + e~*), sinh x = 4(e* — e^?) 


from which we see that the derived function of cosh is sinh (not minus sinh; the 
analogy between trigonometric and hyperbolic functions is imperfect). Applying 
the chain rule as above with 2(y) = cosh y, y(x) = x?, 


d р 
= = sinh y x 2x, 
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so that 


L (cosh х?) = 2x sinh х? d 
b 4 


Solution to Exercise 2 


Using the chain rule with z(y) = 1/y, y(x) = cos x, 


dz Di (sin x) 
— = —-—x(-sinx 
dx у? d 
sinx 
FS Ж. 
cos* x 


so that 


eee х) = tan x sec x 
dx = * 1 


Ifh = f/g, then 
к= Ї t fg : 
This is the form of the quotient rule stated in Unit M100 12. In Leibniz notation, if 
u = u(x) and v = v(x) then 
dit dv 


d и ae ax 
dx\v} | pe а 


Putting u(x) = sin x, v(x) = cos x, 


d [sinx cos x(cos x) — sin x(—sin x) 
dx|cos x cos? x 


so that 


dx 


This could also be written in other equivalent forms, such as 1 + tan? x. 


Solution to Exercise 3 


Since 
x = lat?, 
we have 
dx _ ái 
dt 
= ./2ax, 
so that 
v(t) = at А 
v(x) = 2ах 


If t = 4, then р = 4a, so that 


(= 4) = 4а n 


If x = 4. then v = \/8a, so that 


цх = 4) = Ba . 


u(t = x) is the expression for v(t) with x replacing t, 


v(t = x) = ax Ё 


v(x = r) is the expression for v(x) with t replacing x, 


u(x = 1) = JJ 2at . 


Д, з is the same as v(x = 3), that is 


The derivative of v with respect to t is d(at)/dt, so that 


do 
dto f 
The derivative of v with respect to x is «,/2ах)/4х, which is 


М (et) = p/a, 


dv _ а 
dx 2x ! 


If x = 1, then dv/dx = \/(a/2), ог 


= j 
Ын 2 


If t = to, then x = Jat], so that 


or 


dv 
dx 


dv _ dv 
ах [ET] а dx x= tat} 
= fe 
26а) 
giving 
dv А! 1 
4х\ ч to | 
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Solution to Exercise 4 


From above, 


= = з? 


We have u(t) = 312, v(x) = 3х%, so that 


dv 

a 6t E 
dv 

== c3 

dx 2x 


Expressing dv/dx in terms of t, 


dv Е 2 
dx г 
giving 

dv dx 

dx db 6t . 
dv dv dx 
солы a 
dt аха xes 


Solution to Exercise 5 


Since x = lat? in Exercise 3, 


чикне шин 


Differentiating with respect to t, 


ё.Г . 
dt 
From Exercise 3, 
dv 
— = a b 
dt 


and 


dv _ a 
ах _ 2х 


Expressing this in terms of t, 


so that 
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Solution to Exercise 6 


If z = z(y), y = у(х) and x = x(t), we know that the chain rule gives both 


de _dedy 
dt dy dt 
and 
dy Е dy dx 
dt dx dt 


Combining these two, 


dz dz dy dx 


d dy dx dt. 


Putz = In y, y = cos x, x = ех. Then 


dz 1 1 51 
dy y cosx cose" 
dy А "e" 
dx7 Sinx = — sine”, 
dx 
55 = 26?! 
dt x 

so that 
dz — 1 "m 
"dai E 


= — 2e” tan e”, 


d 


Solution to Exercise 7 


Thus, 


If y(x) = arctan x, then 


ху) = tan y i 


hence, by Exercise 2, 


dx a 
20 = вес” y Бо 


hence, by the chain rule, 


cos? y К 


dy 
a; = 
Since sec? y = 1 + tan? y, 
1 
cos! y = CE 
ил Іх? 


thus 
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so that 


d {з= 1 
qx ere an x iq xi : 


0S.1.2 Integration 


Solution to Exercise 


The methods described below are all based very firmly on the M201 supplementary 
handbook, Techniques of Integration (TI). If you know a quicker method, so much 
the better. The constant of integration is omitted in each indefinite integral. 


(i) IE dx. The integrand x is a polynomial function of x, so we can use the formula 


in section 11.1 on page 8 of TI, with a, = 1, and a; = 0 for all i z 1, to get 


fra = 4x? 


(ii) fe dt, The integrand is a polynomial function of t. We use the same formula 


as in part (i), but on this occasion t replaces x and we have a; = 1 and a; = 0 
for all i з 2. Thus 


(її) | е" ах. The integrand involves an exponential function, so we look at 


section IIL5 on page 14 of TI. Formula 5.2(i) with a = —1, b = 0 gives 
Je dx = —e* 


Alternatively formula 5.2(iii) with a = —1, n = 0 (or even formula 5.X(vi) 
with a = e^!) gives the same answer. 


(iv) ji The integrand is a rational function of x, so we can use section 
х 


IIL2 on page 8 of TI. The first relevant paragraph is 2.3, with p = 0, q = 1, 
b = 0, с = 1 (and note that b? < 4c; if this had not been so we would have 
had to go on to paragraph 2.4). The recommended substitution t = x + 4b is 
just t — x, i.e. we can proceed to the next step immediately. Using the second 
of the two given standard integrals, with c — 1 and x in place of t, we get 


1 
[zx - arctan x . 
l4x* 


The arctan function was mentioned in Exercise 7 of subsection 0.1.1, and you 
may have been able to answer this question by using the result of that exercise. 
A graph of the arctan function is shown on page 7 of TI. 


(v) IF 1 zdx. As in part (iv), we аге led to paragraph 2.3 in part III of TI. This 
xi 


time we have p = 0, q = 1, b = 0, c = 4, and so the second standard integral 
at the top of page 9 gives 


1 
law = 4 arctan $x : 
x 


(vi) 


(vii) 


(viii) 


10 


PDE 0S.1.2 


[ ах sin fix dx. The integrand involves trigonometric functions, so we turn 
to section III.5 on page 14 of TI. Using the first formula in paragraph 5.1, with 
a, В replacing a, b respectively, brings the integral to the form 

+ [cost — f)x dx — 3 costa + В)х dx. 


The next relevant formula is 5.2(1) with a = 0 and b put equal to œ — 3 and 
a + В in turn. This gives 


Га ax sin fix dx = qu CUBE = eee 


2 «-f «+ 


л 
| sin mx sin пх dx. We have two cases to consider, depending upon whether 
0 

or not m and п are equal. Suppose т з n. We then have from the answer to 


part (vi), with m, n replacing «, 8 repectively, 


[Г {a= = п)х _зй(т+ Ч! 


sin mx sin nx dx 
o 21 m-n m+n 
= 0, 
since the sine of any integer multiple of л is zero. Suppose next that m = n. 
Our integrand is now sin? nx, and using the first formula in paragraph 5.1 
(section Ш.5 on page 14 of TI) with a = b = n, 


o 


| sin? nx dx = Ч (1 — cos 2nx) dx 
о 


0 
-1х- L данс i 
НЬ 2п b 
having used formula 5.2(i) with a = 0, b = 2n to integrate the second term of 
the integrand. Thus 


л 
| sin? nx dx = іт, 


o 
so that 


шы 
Ї 


р 


sin mx sin nx dx = 


0 
0 ifm z n. 


л 
| cos x sin nx dx. We again start with paragraph 5.1 of section IIL5 on page 
о 


14 of ТІ. Using the third formula in this paragraph, with a = n,b = 1, our 
integral becomes 


af sin (n — 1)xdx + Ч sin (n + 1)x dx. 
0 o 


We then use formula 5.2(ii) with a = Oand bequal ton — 1,n + 1inturnto get 


[ 1 cos(n — lx  cos(n + xy 


cos x sin nx dx = 
0 2 n-1 nal o 


provided that n # 1 (if n = 1, we see that the first integrand above is Zero, so 
that the first term in the square bracket should be replaced by zero in this 
case). Since cos mz — (— 1)" if m is an integer, 


cos x sin nx dx = 


f uq ЖЕТ if n is even, 
о 


if n is odd. 


| 
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(ix) ! x sin пх dx. We can perform the integration by using formula 5.2(v) of 
0 
section Ш.5 in TJ with л replaced Бу 1 and a replaced by n. This gives 


л d л 
4 x 1. 
| x sin nx dx —— cos пх + — sin nx 
о п п lo 


п 
—-— Cos пл, 
n 


so that 


m п 
| xsinnx dx = (-1y*!- 
о п 


(х) | x? cos nx dx. Using formula 5.2(iv) of section 111.5 with n replaced by 2 


and a replaced by n, 
M x* 21. 2x 4 
х? cos nx dx = | |— — | sin nx + — cos nx 
-— n п n = 
2(—л) 
п? 


2л 
= 2 005 пт — cos ( — пл) 


4п 
= -z cos пл, 
п 


л л 
f x? cos nx dx = 4(— 1)" . 
Руб n 


(xi) | J (x)sin nx dx. Since f(x) = Ofor —z < x < Oand f(x) = 1 for0 < х л, 


so that 


we break our integral up into two parts: 


л 0 л 
|| /(х) їп nx dx = | 0 x sin nx dx + | 1 x sinnx dx 
^ -т o 


z 
= Í sin nx dx 
о 


1 т 
= E 2 j 
n lo 


having used formula 5.2(1) with a = 0, = n. Since 


1 g 1 1 
—-cosnx| = —-cosmt + -, 
n lo n n 


it follows that 


Ї J(x)sin nx dx = 


1 
(хїї) | f(x)sinnnx dx. Since f(x) = x for 0« х < 1 and /()-1-х for 
0 


4 < х < 1, we break our integral into two parts: 


1 2 1 
| J (x) sin пях dx = | f(x) sin плх dx + | J (x) sin пях dx 
0 0 i 


* 1 
- f x sin nzx dx + | (1 — х) ѕіп плх ах. 
o 3 


п 
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We see by putting n = 1, a = пт in formula 5.2(v) in section Ш.5 on page 14 
of TI that 


. х o. 
xsinnzxdx = — — cos плх + —5—5in nax. 
пл пд 
By putting n = 0, а = nz in the same formula, 
E 1 
sin плх dx = — — COS mx. 
пт 


Thus, 


+ 


1 c 1 
Е a n 
f(x) sin птх dx = | — — cos плх + ——5 sin nax 
o` пт пт lo 


1 


1 x | 
+] —— cos nax + — cos плх — —— sin плх 
пп пл nx à 


1 luu Eo 4 

= —.— cos пл + ——;sininx 
2m 223 ma? 
1 1 15.24 

+ 5— COS 07 + -zz Sin пл 


2пт n?n? 


D 
—з—15Ш jnz. 


пл 


Now sin 3nz is zero if n is even. If n is odd, sin іпл = 1 if in — 1) is even and 


sin пл = —1 if (n — 1) is odd. 
Therefore, 
0 if n is even, 
1 
| J (x) sin плх dx = 5 
9 (-1899-9-25 | ifnisodd. 
nm 


0S.1.3 Differential Equations of First Order and Degree 


Solution to Exercise 


(i) Integrating both sides we obtain 
x(t) = iD +A . 


(ii) Separating variables (see page 20 of Unit M100 24 or section 42 of SS if 


necessary), E 
je - fa +A, 
or 
—e*=t+A 
Therefore 
x(t) = —In(-t — A) te(— о, — А). 


(iii) 


(iv) 


(у) 
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Notice that in this case no solution has as domain the whole of R. This commonly 
happens with nonlinear differential equations, for which the simple uniqueness 
theorem studied in Units M20/ 4 and M201 33 may not apply. 


Separating variables, 


ЇС = frar + С, 


x? = и* + С, 


giving 


ке 
БИ 
\ 


so that 


x(t) = ж? +A Ё 


where A = 2C, and te Rif A 2 0,!є(/— А, ©) u(—co, -~ — A) if A < 0. 


Separating variables, 


1 
Е = fe + A, 


and using part (iv) of the Exercise in subsection 0.1.2 this gives 


arctanx =t + A, 


x(t) = tan(t + A) te(—A — in, 2 A + $n). 


Separating variables, 


lap = fa TC, 


so that using part (v) of the Exercise in subsection 0.1.2 gives 


or 


larctanix = t + C, 


x(t) = 2 tan(2t + A) te(—4A — in, —3A + dn), 


where A — 2C. 


or 


The equation can be written as 


so that an integrating factor is 


1 
ep f[-1] dt = exp(—1n t) = a 


(see lines 6 to 10 on page 97 of K if necessary). Multiplying through by this 
factor, we see that the equation can be put in the form 


d[x 
EB ыг 


which has solution 


x(t) = At 9 


13 
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0S.1.4 Differential Equations of First Order and Second Degree 


Solution to Exercise 


(i) ^ Factorizing the equation gives 
dx dx 
2---11|-41|-0, 
Ё 18.) 
so that 
dx 
ur" tor -1 


(Alternatively you can use the general quadratic equation formula 


—b + ./b? — 4ac 
2a 
to achieve this result.) 
Integrating, 
x(t) = -t+A or | iA 


(i) ^ Factorizing gives 


Hence from parts (i) and (ii) of the Exercise in subsection 0.1.3, 


with the restriction that t €(— co, — A) in the first case. 


14 
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05.2 FIRST-ORDER PARTIAL DIFFERENTIATION 


0S.2.1 First-Order Partial Derivatives 


Solution to Exercise 1 


à) Mx, y) = 2x 
Fly) = 2y 
se »-| arae | 
(ii) ын y= cos(x — y) 


9 

PS »=| —cos(x—y) | 
(iv) wyn]  fe-» | 

К 

3, y- -f*-y | 


Solution to Exercise 2 


ze + ct) + g(x — ct) = р(х + ct) + q(x — ct) Д 


ZU + ct) + q(x – ct) = ср(х + ct) — eq'(x — ct) 


Solution to Exercise 3 


(i Suppose that Gis a primitive of g, so that by the fundamental theorem of calculus, 
G' = g. Then 


f жа тэн 2 [в®] 42 
о o 


= G(x + ct) — G(0), 


so that 
д хє ши д Ё 
Эх Ї g(X)dX = 2 ot + ct) во | 
= G(x + ct), 
or 
д xc 
x] (УИХ = alx + ct) 
Ox Jo 


(i) This is the same as for part (i), with x — ct replacing х + ct throughout. Thus 


a [re 
JI g(X)dx = a(x — ct) 
Ox Jo 


15 


(iii) Since 
xc xc х=, 
NF M LS 
х=“ 0 0 


we have from parts (i) and (ii) 


if 8(ХИХ- g(x + ct) — g(x — ct) 


(iv) Defining G as before, 


ёге p 
al. g(X)dx = ES + ct) — G(x — «| 
Using the second result of Exercise 2 with p = G, q = —G, 
д Xt 
if g(x) dX = | cg(x + ct) + cg(x — ct) 
х-а 


Solution to Exercise 4 


If u(x, t) = sin (x? — t), put t = Oto get u(x, 0) = ul,-9: 


theo = sin x? 


The partial derivative of u with respect to t is 


ди a 
ae 1) = —cos(x? -- t), 


so that 


ди 5 
> = —cos x А 
дг 0 


The partial derivative of u with respect to x is 


Qu 2 
a t) = 2x cos(x? — t) 


Also, 


ulx=0 = —sint Д 
а 
| саа 2со81-0) | 
х=1 


x 
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PDE 05.2.2 
0S.2.2 Integration of Partial Derivatives 


Solution to Exercise 1 


(i) Since partial differentiation ofa function of x and y with respect to x is performed 
by treating y as a constant, 


ди 
A 0 р 


(i) As in part (i), 


ди 

rri 0 
(ii) As in parts (i) and (ii), 

ди 

a 0 


Solution to Exercise 2 


The general solution is the function we differentiated in Exercise L(iii): 


u(x, у) =| fO) 
where f is an arbitrary function 
of one variable. 


Solution to Exercise 3 


The general solution is 


u(x, у) =| £0), 


where f is an arbitrary function 
of one variable. 


A brief justification: 


For fixed x, consider 
pr u(x, y). 


This has derived function 
ди 
ук ЕМ (х, у), 
which is 


yr0 


by the differential equation. Hence у +> u(x, y) is a constant function (regarding 
x as a fixed number) so that 


u(x, у) = u(x, 0) 
= f(x) (say) 


17 
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Solution to Exercise 4 
(i) The general solution of the associated homogeneous equation is 
u(x, у) = fo) 
for arbitrary f. If we regard y as fixed, a particular primitive of the function 


хк у 


хк ху, 


so that the general solution we require is 


u(x, y) = xy + f(y) 


(ii) Since for fixed x the function 
уэ ху 
has a primitive 
уэ ху, 


the general solution is 


u(x, у) = axy? + f(x) 


(iii) Since for fixed t the function 
хҥ эх? +1? 
has a primitive 
x — jx? + хї?, 


the general solution is 


u(x, t) = $x3 + xt? + f(t) 1 


(iv) Since for fixed £ the function 


n ri) 


has a primitive 
n fren dn, 


the general solution is 


wè n) = 


fronan + 2 


Solution to Exercise 5 


(i) By the standard formula (see lines 6 to 10 on page 97 of К), an integrating factor 
for the ordinary differential equation is 


E 


so that the integrating factor is 


dx = exp(—In x), 


1 


х 


18 
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(i) | Using this factor for the partial differential equation we obtain 


lôu u 

xà 2-0 
or 

0 [u(x, у) 

zl x m 
Thus 


u(x, y) 


=f), 


and the general solution is 


u(x, y) = xf (y) - 


Solution to Exercise 6 


0) The integrating factor is 


104 411 | 


(i) The partia] differential equation becomes 


abe y) 2 -1| -0, 


so that the general solution is 


0S.2.3 Partial Differential Operators 


Solution to Exercise 1 


Since the operator is to be first-order, we are limited to first- and zeroth-order 
derivatives, and there can be no products of the first-order derivatives since this would 
contravene the linearity of L. Thus the most general form possible for L is 


L= a(x, y) = + B(x, »x xb с(х, y) . 


for arbitrary functions of two variables a, b and с. 


Solution to Exercise 2 


0) Since 


д д 
(x + yP = (х + у) = 2(х + у), 
дх ду 


it follows that 


(2 + Fo эрэг 4х + у) - 


(ii) 


(iii) 


(iv) 


Since 
д ё 
Sx 0 = -hx — у)? = 2x — р), 
M ду 
we have 
a a 5) 
c po = - 0 i 
xt 5) » 
Since 
sine- y) = -g sinx — y) = costs — y), 
we have 
А + žl sin(x — y) = = 0 - 
Since 
Are, y= -Ż F(x — y) = Е(х — у), 
we have 


д д 


0S.2.4 Differentiation Along a Curve: the Chain Rule 


Solution to Exercise 1 


(i) 


ii) 


Put 
x=2t,y=sint 


into the potential energy ф = x? + y? to get 


фа) = 4? + sin? t А 


Differentiating this expression for ф(1) gives 


0) ---- 8t + 3sin? t cost 


Solution to Exercise 2 


© 


Gi) 


20 


We have 
z= x? + y, 
and 


x = Gt) y = n(t), 


so that z(r) = (eo? + fn? | 
Differentiating with respect to t gives 
d 
HOLD RE 28010) + ЗГО) 
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Solution to Exercise 3 


(i) Since x = &(t), we have 


dx 
= eo . 


(ii) Ifz = x? + y?, we have 


cane 2x : 
дх 


(iii) We want z/óx evaluated at x = (0), y = ņ(t). From part (ii) we have 


Zao, nt) = 240) . 


(iv) By proceeding as in parts (i), (ii) and (iii) we find that 


йу, 
anno (0, 


Fe, mt) = 300? 


so that at (£(t), n(t)) on the surface, 


zdx  Ozdy _ б ` 
zs A” 28010 + SMON) 


This is the same as the formula for dz/dt in Exercise 2(11). 


Solution to Exercise 4 


(i) This is the case in Exercises 2 and 3 (if z is replaced by u). Since the solutions to 
Exercises 2(ii) and 3(iv) are identical, we see that the boxed formula holds in 
this case. 


Yes 


(ii) The result is also true in general; a demonstration is given in Appendix I of 
Unit MST 282 7 on pages 34, 35. 


Yes 


Solution to Exercise 5 


The analogue of the formula in Exercise 4 for the case where u is a function of three 
variables x, у, 218 


di Ox dt дуй 2 


du Qu dx | Qu dy | Gu dz | 


21 


Solution to Exercise 6 


(i) 


(ii) 


We have 
D ede 20 a 
== 0-10 Zo 
OH 2 = 20° Ge 
so that 


ди dx | Qudy дий: 
ax dt дуй az dt 


giving 
du 5 3 
— = 6? + 4° 2t 2 Ё 
dt 
Writing 
u = (Oy + (t 1)? + (Y 
or 
u(t) = Petter —24+1 ! 
we have 


du. 65 + 45 + 2r 2 . 
dt 


The two methods agree. 


Solution to Exercise 7 


(i) 


Gi) 


(iii) 


22 


By definition we have 

ди, ди, ди 
zi + lk 
ôx ду дт 


so that by reference to the solution of Exercise 6, 


grad u = 


grad u = 2(t?i + (t — 1)j + Ck) 


Ifr = xi + yj + zk, then 
dr dx, dy, dz 


— = (202)(21) + 2( — 1) + (209) (307), 


aa tata 
or ! 
dr | 
— = Ї 1 2 
T 2ti +j + 3t°k | 
dr 52 r 2 
grad u P ux 20121 + (t — Dj + (2). Qui + j + 38k) 
-2Q + (t — 1) + 315), 
or 
d 
gradu. = 68 + 42 + 21 2 
dt 


b 


which is the same as the expression for du/dt derived in 


Exercise 6. 


PDE 05.2.5 
0S.2.5 Derivatives “Following the Motion” 


Solution to Exercise 1 


The velocity at any point x in the centre of the stream at time t is v(x, t). If the motion 
of the leaf (which is the same as that of the water immediately beneath it) is given by 
X = x(t), its velocity at time t will be v(x(t), t). But we can also find this velocity by 
differentiating the function x(t). Thus 


2 = v(x(t), t) В 


Solution to Exercise 2 


The temperature T(t) at the leaf at time t will be equal to the temperature T(x, t) at 
position x and time t, where x = x(t). That is, 


T(t) = T(x(t), t) Б 


Solution to Exercise 3 


(i) Since 
T(x, 1) =binx + csint, 
and 
x(t) = at + k, 
we have 


T(x(t) t) = bIn(at + k) + csin t. 


Thus, from the solution to Exercise 2, 
T(t) = bln(at + К) + csint 


(i) Differentiating this expression, 


ar - 
dt 


+ ccost . 
at + к | 


(The first term of T(t) сап be differentiated using the chain rule for functions of 
one variable, 


d d dx 
a? In x) = ane In л? 


where x = at + К.) 
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Solution to Exercise 4 


Consider the data of Exercise 3. Computing the quantities to be included in the general 
expression for dT jdt we see that in Exercise 3 these were 


oT b b 

дх x atk 

ôT 

g 09 
and 

dx 


dx OT | OT 
dt Ox д 


We could alternatively derive this result from the (boxed) chain rule in Exercise 4 of 
subsection 0.2.4 upon replacing u by T and y by t. 


Solution to Exercise 5 


The text of the exercise after the first sentence should read as follows: 


"The symbol T on the left refers to the function | ro | with domain 


‚ describing the temperature at the leaf at time t. The symbol T on 


the right refers to the function | T(x, t) |, with domain |R x R|, describing 
the temperature at position] х — |attime t.” 


Solution to Exercise 6 


Replacing T by v in the solution to Exercise 4, we find 


dx dv | dv 


dx A 


Solution to Exercise 7 


The operator we seek is d/dt (as it appears on the left-hand sides of the solutions to 
Exercises 4 and 6). If we remove the particular dependent variable (v or T) involved 
in either of those expressions, we are left with 


dx д 
dt 6x 


2 
ôt 


It was shown in Exercise 1 that dx/dt = v(x(t), t). Thus for the particular leaf, the 
operator can be written as 


д 0 
v(x(t), ШЕМ + ЭГ 


We abandon the particular spot occupied by the leaf in favour of an arbitrary point 
of the stream by replacing the specific function x(t) by the coordinate x. Writing v for 
v(x, 1), we are left with the operator equation 

d 


dt 
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0S.2.6 Change of Coordinates 


Solution to Exercise 1 


The expressions for x and y are 


х= тсоз 0 5 


y= rsin@ 


Solution to Exercise 2 


Since T = f(x, y), we can use the formulae from Exercise 1 to get 


T= f(r cos 0, r sin 0) 


Solution to Exercise 3 


Along any curve for which 0 — constant we have T — f(x, y), where x and y are 
functions of r alone. Using the boxed formula 


du _ ди dx | du dy 

dt дхй dy dt 

(from Exercise 4 of subsection 0.2.4) with T for и and r for t, we have 
dT OT dx | OT dy 


dr Ox dr ду dr 
For functions of two variables г and 0 however, the operator “d/dr along 0 = constant 
is, by definition, the same as 0/dr. We can therefore write the above as 

ôT _ OT ox + дТ ду 

ðr Ox ðr ` ду дг 


Since in this case 


along 0 — constant. 


» 


дх 
эр = 008 0, 
э = 8л 0, 
ме һауе 
oT oT . „ôT 
Эрэ cos ox + sin 95) 


Similarly we can write 


dT OT dx | OT dy 
40 dx dÜ дуа 


along r = constant, 


or 
ОТ OT Ox 2 eT ду 
20 х 00 ду 00 
Ѕіпсе 
Ox $ 
202 —rsin 0, 
—=rcos0, 
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we arrive at 


OF 1 get + ай. 
a~ rsin бэс +7 ду 3 


Solution to Exercise 4 


Since Т = f(x, у), and x = ap + Bq, y = yp + ôq, 


P flap + Ba, yp + ôa) | 


We obtain the expressions for дТ/др and дТ/да as before by using the boxed formula 


du _ ди dx | du dy 
dt ôx dt дуа 


(from Exercise 4 of subsection 0.2.4) with the total derivatives replaced by partial 
derivatives, T for и, and first p and then q in place of t: 


дт _ eT ax | aT ay 

др дхдр dy ap’ 

ат _ aT dx, aT Oy 

дд ӧх ôq дуда 
Since 

Ox ду дх ду 


a ^ ^p и Cu > 
we have 

ar ar ar 

op ax ay 

aT _ ar „дт 

aq — Ox ду 


Solution to Exercise 5 


We proceed as before. Since Т = f(x, y) and x = x(č, n), y = y( n), 


Te F5, n), у(&, т) l 
The chain rule is used as in Exercises 3 and 4 to give 

oT OT Ox Е OT ду 

дё Ox дё ду дё f 

oT — OT Ox $ ôT ду 

ôn Ox én ду On 


26 


Solution to Exercise 6 


PDE 05.2.6 


The symbols used here are differently arranged from those in the general case of 
Exercise 5. We are given č = &(x, t), у = n(x, t) (for particular functions č and у), and 


the corresponding chain rule is 
ди _ ди 2 4 ди Gy 
ax дёЁдх On ax’ 


du _диё& ди ðn 
йд Ob Ot On Ot 


Since 
&(x, t) = x + ct, 
n(x, t) = x — ct, 

we have 
% д 
dx ax” 
2.0. 
а а” 

so that 
ди _ ди | ди 
ôx O6 ôn i 
ди _ Qu ди 
at дё ôn 


Solution to Exercise 7 


We have T(x, z) = T(x, y) = f(x, y) where y = x + z. Using the general form of the 
chain rule appearing in the last exercise, with и, t, ё, у being replaced by T(x, 2) = 


(х, у), 2, x and y respectively, 


RUIT: 
is ur" ay’ 
2 s 2) = уй 
x UU Bz ду 
(since дх/дх = 1 and 0x/dz = 0). Thus 
а а= 2.2 
ax eT + 25 
А y 
az) = ду 
or 
oT eT oT 
3509 = эу + De » 
oT oT 
209 = эу? 
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Solution to Exercise 8 


By putting и for T in the solution to Exercise 7 we see that in terms of the variables 
х, с the equation takes the form 


би 
A z) 


Solution to Exercise 9 


1 
e 


We see from Exercise 2 of subsection 0.2.2 that the general solution of 


is 


u(x, z) = e Ё 


where f is an arbitrary function of one variable. Since у = x + z, we have z = y — x, 
so that the general solution of 


ди ди 
эх + 350% 0 =0 


u(x, у) = ЈО — x) , 


which agrees with the result suggested by Exercise 2 of subsection 0.2.3. 


is 


Solution to Exercise 10 


We are asked to restate the general form of the chain rule given in the solution to 
Exercise 6 (with t being replaced by y) in two different ways. 


(i) ^ As operator equations these are 


(i) As a matrix equation, they can be expressed by 


ди ди 
дх дё 
ди ди 
ду On 


28 


PDE 08.2.6 


Solution to Exercise 11 


There are two methods of solution. The first involves performing the matrix multi- 
plication explicitly and using the chain rule: 


a әт ах Dy 

Ox Ox RE дё 

a a ax ay 

[ду ду др On 

IE Ox дп Ox дё dy | On Oy 
Ox 06 дх On Ox 06 дх An 

Ot ax | ay ax) [ә ay | an ay : 

ду 02 ду On ду ё ду an 


Using the solutions to Exercise 10(1) we see that this is equal to 


ау Г 
Ox дх 
Ox ду | — 
ЕТ ay 0 1 
so that 
1 0 
АВ = 
0 1 


The second method is to note that corresponding to the matrix equation of Exercise 
10(ii) giving ди/дх, ди/ду in terms of ди/дё and ди/дт, there will be a similar equation 
giving ди/6, 6u/dy in terms of ди/дх and du/dy. The chain rule says that this equation 
is 


дё 02 8} | Ox 
du} [Ox ay) | au 
ôn ôn ôn) (ду 


and the 2 x 2 matrix here is just B. By combining this equation with that of Exercise 
10(ii) we see immediately that A and B must be inverse to each other, so that AB is 
the identity matrix. This result is the analogue in two dimensions of the one-dimen- 
sional formula 


but note that, for example, 
Ox дё 
дё Ox 
in general, since the (1, 1) elements of two matrices inverse to each other аге not 
normally reciprocals. 


#1 
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05.3 SECOND-ORDER PARTIAL DIFFERENTIATION 


0S.3.1 Second and Higher Order Partial Derivatives 


Solution to Exercise 1 


If u(x, t) = sin xt + sin x sint + t then 


ди К 

527 t cos xt + cos x sint 

х 

ди я 

= = х соз xt + sinxcost + 1 
д 

Ou ү ~ 

ax cos Xt — xt sin xt + cos x cost 
\хдї 

Ou : 

aa COS xt — xt sin xt + cos x cost 
tx 

ди "We : - 

32 —x^sin xt — sin xsin t 


Solution to Exercise 2 


Yes |, 


provided that the two mixed derivatives exist and are continuous. All the functions 
to be encountered in the course will satisfy these conditions. 


Solution to Exercise 3 
Since д°/дх? and 02/ду? commute, we have 
of д? n 
Ey 


axe = (ax 


-ENE 


and so on ший all the 22/дх? have been changed into д?/ду?. Hence the result is 


E 


ang _ ang 
ex? — ду?" й 


or 
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Solution to Exercise 4 


This time we have 


д? д? 
es] (3) 
and so, the same procedure as we used in the preceding exercise gives 
82 п д? п 
ЕЕ 
which сап be written as 


ee : one 
энэ) CU [| 


Solution to Exercise 5 


Proceeding as before we find that 


Lu PR oy 
oy — ox?" 
Hence 
Sf ду f Pf ala әу 
ду? m * M ~ ay? 35 ду Ы E 
giving : 


e af ef 
ay 7 вуду? +259 = | 


0S.3.2 Solving Simple Second-Order Partial Differential Equations 


Solution to Exercise 1 


Putting ди/ду = p, the equation becomes 


др 
дх 


with solution 


р(х, у) = ЈО) 


for an arbitrary function /. Since 


ди 
a y= fo) 


has solution 


u= fron + eto. 
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the general solution of the original equation is 


ux, y) = | ГО) + кх) 


where f апа g are arbitrary functions of one variable. Since the equation we started 
from is symmetric in x and y we could equally well have solved the problem by putting 
éu/éx = p and following the same method thereafter. We would then have arrived 
at the general solution 


u(x, у) = Му) + fee. 


where h, g, are arbitrary. It follows from this that we can express the general solution 
most simply as 


u(x, у) = g(x) + Щу). 
Since h is a primitive of f and g is a primitive of g,, both hand g must be differentiable, 
but are otherwise arbitrary. 


Solution to Exercise 2 


Putting ди/дх = p, the equation becomes 


др 
дх 


with solution 


for arbitrary /. Since the equation 


has solution 


и = xf(y) + gW), 


we have for the general solution of the original equation 


u(x, у) = 80) + xf) ` 


where f and g are arbitrary functions of one variable. 


Solution to Exercise 3 


Putting ди/ду = p, the equation becomes 


An integrating factor is 


1 
exp fi -) dy = exp(—In y) 
m 
y 
(compare with Exercise 5 of subsection 0.2.2), and multiplying through by this factor 
brings the equation to the form 


9 | их, ») 
22: -0, 
ду | y 
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where / is arbitrary. Since p = ди/ду, an integration wi 


ith respect to y gives 


u(x, у) = BS (x) + g(x) 


The factor + may without loss of generality be absorbed into the arbitrary function f. 


Solution to Exercise 4 
In terms of p, where p — ди/ду, the equation is 


OP _ 
“Ox =2p, 


or in normal form, 


An integrating factor is 


2 1 
23| E dx =-у, 


bringing the equation to the form 


ô хуу). 
| ЁС 


Integrating with respect to x and solving for p gives 
P(x, y) = х2/0)) 


with f arbitrary. Since p — ди/ду we can now integrate with respect to y to obtain 


u(x, y) = off (0) + g(x) 3 
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05.3.3 Transforming Second-Order Derivatives 


Solution to Exercise 1 


From Exercise 6 of subsection 0.2.6, 


Же к 
ox дё д ї 
д д д 
шоог ра хасан 
ôt 02 ёп 


Since 22/0х? = (2/0х)?, 67/@xét = (0/0x)(0/8t) etc., we then have 


e e 2 gp 
- 2 i " 
8x ae + ^p ар 
сан soy 
dxdt "og ap i 
2 2 2 
2 _ |050,0 
ді? дё? Ot Op 


Solution to Exercise 2 
We see from Exercise 1 that 
ди Qu х Ou 3 eu 
ox дё? дёдп ôn” 
Ou e Pu, Pu Р Фи 
or 222 дёдп Op 
Subtracting the second equation from c? times the first, we have 
„ди ди 2 eu 
eC – = = 42 
дх? дг дёд 
so that 
Ou 
дёд 


By reference to the solution of Exercise 1 іп Subsection 0.3.2 we see that the general 
solution of this equation is 


щ&) = SÈ) + a(n) 1 | 


for arbitrary differentiable functions / and g, so that the solution of the wave equation 
is 


u(x,t) = f(x + ct) + g(x — ct) | 
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Solution to Exercise 3 
Using the chain rule, 


9. [4 д 3 an ё 
дх ax GE Ax әр 


2.00 na 
à Or Oe Ot Oy 


Since the given expressions for ё, у mean that 
oc д дп on 


ax” at um uri " 
we have 
1009 
ax ae Gy’ 
д д д 
& 7 Pag * б 
The second-order derivatives are, therefore, 
д? 4 д? 2 д? 
=т= (33522 yy 2--- 
ax? * i * azan ыг or 
д? д? 
dxdt Mi zat (05 + 225 vam 
2? д? 
20 2 
= В сн 286 24772 E 


so that 


(AB? + ВоВ + cu) aB + (2Afó + ч + By) + 2Cay) 2 383; 


8? an? 
+(Ad? + Вуд + Cy 29 


Solution to Exercise 4 


By either of the ways suggested we get 


д д m 

ru cos 05, + sin 92 | 
д ‚д9 д 

26 7 rimo. Presa | 


Solution to Exercise 5 


We have 
ð : д 
à cos 6 sin 0 x 
25 
3 —rsin@ rcos0 5 


The matrix of coefficients can be inverted in the usual way: 
cos 0 sind 1 | 
—rsinÜ гсо50 0 1 
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Stage 1: Multiply first row by ѕес 0 and then add rsin 0 times the first row to the 
second row. This gives 


Ї tan@ | 56с0 | 
0 rsecÓ rtan@ 11 
Stage 2: Multiply second row by (1/r) cos 0 and then subtract tan 0 times the second 
row from the first row. This gives 


1 0 со50 150 


0 1 sin@ “cos 


Reading off the inverse of the matrix we started with, 


д T д 
cos 0 —;sin 8 = 


ax дг 
al | d 2| 
ЕМ sin 0 7008 0 20 
or in other words, 
6 Q^ 1... ..0 
эхэ со505, - „їп 950 | 
ЖЕ. Ж. д 
^ sin 02. + =с05 0-5 


Solution to Exercise 6 


2 
E - (cos 02. - їйл ož) [cos 02 - 1 ex) 


ór 00 r д0 
o? oft д 1 д д 
ДЭЭР" es ue ele sind. cc singe ха 
= cos 052 КРЕТ 1 sind {cos 05) 
сс Ol .. i0 
хүрэл 955 —sin 2) 


cos? 0 02  зіп0соѕ0 ð  sinücos0 O 2 sin? @ д 
р ôr? т 60 ro ór00 r ôr 


зіп 0 соѕ0 д? Р sin 0 соѕ0 д " sin? 0 0? 
r дгдд p" 20 r 00" 


Therefore 

9 _ cos? 0 02  2sin0cos0 д? E sin? 0 2? И sin? 0 д " 280со80 д 
ôx? ôr? r дгд0 r д@? r ôr т? 20 
Similarly, 


e DIE! 91:20: 1 д 
ày (sin 95 + 7008 os. (sin 95, + 7008 2 
2 


Я д 2а д 1 д д 
2 ы 1 : 
= sin 952 + sin agrees 2) + 7 cos 2 А 


1 8 [1 д 
+= cos ТЕ cos 956 


36 


PDE 05.3.3 


22 ѕіп0соѕ0 ô ѕіп0соѕ0 22  cos?0 д 


iud 
v 928 т ° 20 Ы ғ Grd t r дг 
ѕіп 0 соѕ0 6? — sinOcos0 2 " cos? 0 д? 
r ord p 90 r UU 
Therefore, 

e? У 20.0 4 28110080 д? NEA д? 4.9080 д 25іп 0соѕ0 д 
ду? ший Ё 6rd0 т2 00? r ôr r? 20 | 
It follows that 

2 14 12 
ДР MAE e ees PP CERES 
Жэт a tr at S | 


Solution to Exercise 7 
(i) Since 
a. a 
ox 2x, 


we have by the chain rule, 


" 0, ač х. дп 2 
дх 


(ii) From the first answer іп part (i), we have 


(iii) 


2 jð «01|д tə 
on? — a xdx}\at хдх 


9 aft a Шил at a(t д 
ôt? At\x ax x Oxdt х дх\х дх 
Ф 12 tË t oo Foe га 
0? хдх хдхй хдхй х?дх х ôx” 


Wee д 
x х?|дх i 


(iv) The last equation in part (iii) can be written as 


8 1 
op x? 
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and using the first answer in part (i) gives 


L= x? + x? +) 


бё 


а д 
e. E ` 


Solution to Exercise 8 


Using the solution to Exercise 7(i), we see that the right-hand side of the given 
equation can be expressed as 


x?[. Qu ди 21, ди ди x? ди 
- 2 Bg d 5 
а | 2(x +) + тёп 


so that upon using the expression Гог L derived in Exercise 7(iv), dividing through by 
x? and replacing t by y, the transformed equation is seen to be 


ди _1ди 
д? On 


By reference to Exercise 3 of subsection 0.3.2 we see that the general solution of the 
transformed equation is 


цёт) = SO + ng | 


where f and g are arbitrary functions of one variable. Thus the general solution of the 
original equation is 


u(x, t) = fo? +?) + Cg? + 12) | 


Solution to Exercise 9 

In Exercise 7 of subsection 0.1.1 we saw that 
d 
qx arctan x)= Taw’ 


and using this result in conjunction with the composite function rule we get 


d 
——( arctan 3x) = 


dx 44x? 
so that we have 

2201 06, 

ax dax" C 

[7 1 

x S oed: 


ox 44x 
The chain rule then gives 


a l ð, l ô 
Ox 1+x? IE 44x? др 


„|09 
a (057 On] 


Solving these equations for д/дё and д/д we find 


д д 1 д 
— = ЦІ 2 2M 2 ЖИМ. ЖЕ Шш 
28 3( reread), 


a, a 1 à 
IL oL 240 + x24 zy © 3 
ду шал, e» «i 
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It follows that 


22 
e 


eéon = 


2{ 8 1 2 
= eu en Tau B 


21 +x + a$ t all 


2 a д? 
—$(1 + x?)(4 + x? "Gs + (5 + 2x? os du (1 + x?)(4 + rm 


: 


+2x(5 + 232 + х0) 
t 


| 


—$(1 + х?)(4 + afi + 56 + 2x? з. +z}. 
Ox | Qt 


Using the expressions above for @/@x, ĉ/ôt in terms of д/дё, 2/дн, 


ð 44x ANE ES д 
a 14x70 4+х?дт 


д 
22 
(5 + 2x )àx + 


so that the expression for L is 


-9 @ 2x зад |2х ЁС: 
Ы. па E y FUERO ters 


which is equivalent to the formula for и] given at the top of page 46 in W. 
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08.4 VECTOR ALGEBRA AND LINE INTEGRALS 


0S.4.1 Vector Algebra 


Solution to Exercise 1 


(0 


(1) 


(8) 


(iv) 


(у) 


(vi) 


If we complete the parallelogram which has (arrows belonging to) a and b as 
adjacent sides, then the diagonal from the point О where the sides a and b meet 
is a + b. Since the diagonals of a parallelogram bisect each other, Ҳа + b) will 
be the position vector of a point halfway between the two vertices of the 
parallelogram with position vectors a and b (taking O as the origin). The answer 
is therefore 


xa + b) 


The answer here depends on how the arrows are arranged. If b points from the 
end of the arrow a (or vice versa) then the third side of the triangle is 


a+b i 


or —a — b, depending upon how the vector is directed along the side. If a and 
b have corresponding ends coincident then the third side of the triangle will be 
a — bor b — a, depending on what direction is associated with it. 


Since by the definition of the scalar product, 
a+b = |а |Ы cos 0, 


where 0 is the angle between a and b, the required cosine is equal to 


a+b 
lal ibl 
The projection of a along the direction of b is 
jal cos 0, 
which, we see from part (iii), is equal to 


ab 
12 


Since a х b is perpendicular to both a and b the required unit vector is 


axb 
la x Ы 


The parallelogram's area is |а| |b] sin 0, but we have |а x Ы = lal 1Ы sin 0 by 
definition. The area is therefore 


la x Dl 


(vii) a and b are perpendicular if 0 = 7/2, or cos 0 = 0, or 


(viii) a and b are parallel if 0 = 0, or sin 0 = 0, or 


axb=0 


aeons | 
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Solution to Exercise 2 


0) 


(ii) 


(iii) 


(iv) 


(v) 


Ifa =i + j, then [al = \/1? + 12, or, 


lal = JE | 


a — 2b = —3i + 3j + 2k, 
so that 
la — 4 = /37 + 3 + 22, 


ог 
la — 2b] = 22 


a-b=(i+j)-Qi-j—k)=2-1, 
so that 


a.b = 1 b 


a x b= (i + j) x Qi — j — k). 


Using the formulae for vector products involving the unit vectors, i, j and k 
(see page 8 of SS if necessary) we see that this is equal to 


-ixj-ixk+jx2i-jxk=—-k+j—2k-i, 


a-b x c= (i + j) Qi — j — k) x (—i + 3j + k). 


so that 


Proceeding as in part (iv), 
(2i — j — k) x (-i+ 3j + k) 
= 2i x 3j + 2i x k — j x (-i) -j x k — k x (-i) —k x 3j 
-6к-2)-К-14143 
-21-1-5. 
Then 
(i+ j-Qi-—j+5k)=2-1, 


so that 


a-bxc= 1 


Solution to Exercise 3 


0) 


(ii) 


The velocity v of the particle is equal to dr/dt. This is 


—6sin 311 + 6cos 3rj + 2k 


The speed is the magnitude of the velocity. Since 
мМ = 36 sin? 31 + 36 cos? 3t + 4, 


the speed is 


E) Ї 
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(iii) Since the particle is travelling in the direction of its velocity vector at any 
instant, the unit vector required is v/|v|. From parts (i) and (ii) this is 


750—6 sin 3ti + бсо 3tj + 2k) 


л 


0S.4.2 Line Integrals 


Solution to Exercise 1 
Since 
Fe dr = (xi + x?yj)-(i dx + jdy) 
= хах  x!y dy, 


and since dy = 0 on the line segment from (— 1, 0) to (1, 0), 
1 
| Fedr= | хах 
c =ї 


=[ 
so that 


АН 


Solution to Exercise 2 


5х?) 1, 


Clearly, from the answer to Exercise 1, the integral is equal to the integral along the 
line segment from (1, 0) to (1, 1). Since x = 1 and dx = 0 here, 
1 


Solution to Exercise 3 
Here we have 


e = 2t, dy = 3? à 
dt dt 


along C, so that 


| Fear = | хах + | х?уйу 
[^ с с 


1 1 
= | ead | i5 3-32? dt 
о o 


1 
- | (2% + 3:9) а. 
0 


= Ett + yor" lo, 
so that 


[ Fear = 
с 


vie 
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Solution to Exercise 4 

The semicircle is given in Cartesian coordinates by 
xX жу -1,у20. 

We see that x? + y? will be equal to unity if we put 
X = cost, y = Sin f, 


and that t will vary from 0 to л as the point (x, y) moves around the semicircle from 
(1,0) to (— 1, 0). Thus our parametric representation of the semicircle is 


x-| cost |, 
y- sint |, 
te (0, л] 


Solution to Exercise 5 
Here we have 
Е.аг = (i + уј) (idx + jdy) 
= dx + ydy, 


| Fedr= | dx e | yay. 
с с с 


On the semicircle, 


so that 


ы sint. o. COS f. 
dt ' dt ? 
so that 
л л 
f F-dr = -| sin t dt +f sin t cos t dt 
с 0 0 
= [cos t — 1cos2t]5, 
or 


[к= -2| 
Ё 


Solution to Exercise 6 


We have 
v x dr = (xy dy — y? dx)k, 


so that using the parametrization of Exercise 4 for the semicircle, 


| ух й = lí xy dy -| y? 22 
С с c 
=), 
-if sin ai 
о 


= [— соз t]ok, 


| cos t sin t cos t dt -| sin? ¢(—sin t) ан 
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so that 


КЕСЕ 2k |. 
E 

[охак vena, 
c c 


it follows that 


| ав 
[4 


Since 


il 
ә 
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05.5 DOUBLE AND VOLUME INTEGRALS 


05.5.1 Double Integrals 


Solution to Exercise 1 


The region of integration is enclosed between the lines x = 0, x = 1, y = 0 and 
y = 2x + 1. A diagram of this region can be found on page 17 of Unit MST 282 6, 
or on page 11 of Unit 3. 


Solution to Exercise 2 


2x41 2х+1 
| xy dy Я) ydy 


0° о 


ХУЛ, 


that is, 


2x+1 
| xydy = 4x(2x + 1)? k 
o 


Solution to Exercise 3 


1 1 
| 1х(2х + 1)? dx = af (4x? + 4x? + x)dx 
о o 


хэ 


E 
11343, 


so that 


1 2x41 
| !| ху 2 dx = ET 
0140 


Solution to Exercise 4 


The “inner” integration is performed with respect to y. Since the ellipse can be written 
as 


x? 
p= +b |1- |, 
m: 
the region enclosed by the ellipse can be described by 
x? x? 
= 1--:5| «ус 5,/11--5)» 
vf a] er es 


-ахжхка. 


The limits (end-points) of the two integrations are then the upper and lower bounds 
in these two inequalities. Therefore: 


ъ= x*/a?) 
=b AU — xta?) 


Limits of y-integration are 


Limits of x-integration are 
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Resulting double integral is 
a bel х?{а?у 2 2 
| | 1-5-5) |e 
-al J-bva = x2/a2) a b 
Solution to Exercise 5 
by (1 7 х2/а2) 2 2 
f | - = - = dy 
— by —x2/a2) a b 
[ [ x) p Ї = ха?) 
= = |у 55 
а? 355 |- sra engen 


[2-43] 84-3. 


х23 
Inner integral is э - z 


so that 


We are left with the integral 


a x? + 
Гэ -& dx 
to evaluate. The substitution to make here is x — asin v. (You may like to refer to 
section IIL3 of TI to see why we choose this particular substitution. We can see that 
our integral is of the form given at the beginning of that section, with f(x) = 0, 
h(x) = $b(1 — x?/a?), ax? + bx + c replaced by 1 — x?/a?, g(x) = 1, k(x) = 0. Sub- 
section Ш.3.2(11) gives the substitution we are using) The range —a <x <a is 
equivalent to —z/2 < v < n/2, and dx/dv = a cos v. Thus the integral becomes 


1723 
4 cost v dv = іла, 
-n|[2 


using the information given in the question. Thus: 


Final result is 4nab 


Solution to Exercise 6 


Putting x? + y? = т? and replacing dx dy by r dr 40, 


ху 2 
ff ( 25 D СЕ | 0 - п) 
р а р а 


D is composed of points (r, 0), where 


O0<r<a, 


-л«х0«л. 


Therefore, the double integral in polar coordinates is 


ЛГ,-агер 


The inner integral is equal to 


r? iu м: 
f - 5 il 40 = mi - 
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The outer integral is 
а p te 
2| r — |4 = 27| i — —у 
б | "| Ї 4а? |o 
= 2n[ja* — 40°], 


so that the value of the integral is 


ina? 


This agrees with the result of Exercise 5 when b — a. 


05.5.2 Volume Integrals 


Solution to Exercise 1 
The interior of the cube consists of points (x, y, z) for which 
0«х«1, 
»&l 
251. 


Thus the triple integral is 


| Eeee | 


H 
Í (x + y + дах =x? + (у + гай, 
о 


Since 


the inner integral is 


Since 


1 
f G +y + zdy = [Ġ + у + dh, 
о 


the next integral is 


1+2 


Ѕіпсе 
1 
! (1 + z)dz = [z 434221, 
0 


the outer integral is 


ыы 
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Solution to Exercise 2 
The interior of the prism consists of points (x, у, 2) for which 
0«х«1 


< 
O<y<l-z 
<: 


0«:5«1, 
so that the triple integral is 
1 l=z 1 
3x?yz dx | dy > dz. 
0 0 0 


Solution to Exercise 3 


1 
f 3x?yz dx = [х?у2]}, 
0 


so that the inner integral is 


| » | 


1-4 
MES 
so that the next integral is 


$2(1 — zy 


1 1 
Ч 41-12 dz = Ч (z — 222 + z3)dz 
o 


= 11,2 273 1,471 
= Hae? – 403 + 5], 


so that the outer integral is 


% 
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